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ABSTRACT. Ostrowski , $x^{2}-$
$Dy^{2}=N$ , $-$
. , - , $Ax^{2}+Bxy+Cy^{2}=N$
.
1. OSTROWSKI
$\alpha$ , $\{a_{k}\}_{k\geq 0}$ $\{\alpha_{k}\}_{k\geq 0}$
(1) $\alpha_{0}=\alpha$ , $a_{k}=\lfloor\alpha_{k}\rfloor$ , $\alpha_{k+1}=\frac{1}{\alpha_{k}-a_{k}}$
, $\alpha$
1




. $\{p_{k}\}_{k}\geq-1,$ $\{q_{k}\}_{k\geq 1}-$ :
(2) $p_{-1}=1$ , $p_{0}=a_{0}$ , $p_{k}=a_{k}p_{k-1}+p_{k2}-$ $(k\geq 1)$ ;
(3) ${ }$ $q_{-1}=0$ , $q_{0}=1$ , $q_{k}=akq_{k}-1+qk^{-}2$ $(k\geq 1)$ .
, :
$\frac{p_{k}}{q_{k}}=[a_{0}, \ldots, a_{k}]$ , $\lim_{karrow\infty}\frac{p_{k}}{q_{k}}=\alpha$ .
, $y$ . $\{q_{k}\}$ $q_{1}=1$ $q_{0}=q_{1}$
, $q_{n}\leq y<q_{n+1}$ $n$ – .
, $y=c_{n+1qn}+y’$ $0\leq y’<q_{n}$ $c_{n+1},$ $y’$ –
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. $y’\neq 0$ , $q_{n’}\leq y<q_{n’+1}$ $n’$ - ,
, $y’=c_{n’+}1q_{n’}+y^{n}$ $0\leq y^{\mu}<q_{n’}$ $c_{n’+1,y}\prime\prime$ –
. , $q_{0}=1$ ,
. , $\{q_{n}\}$ $y$ :
$y=c_{1q_{0}}+c2q_{1}+\cdots+Cn+1q_{n}$ .
, $\{c_{k}\}$ :
$\bullet 0\leq C_{k}\leq ak(k>1),$ $0\leq c_{1}<a_{1;}$
$\bullet$ $c_{k}=a_{k}$ $c_{k-1}=0$ .
, $\{q_{k}\}$ , $\{c_{k}\}$
, –




. , $\{a_{k}\}$ :
$a_{k+l}=a_{k}$ $(k\geq 1)$ , $a_{l}=2a0$ .
, $l$ , $l$
.






1(Rockett and Sz\"usz [4], [5], [2]). $D$
, $N$ $0$ . $\alpha=\sqrt{D}$ , $\{a_{k}\}_{k\geq 0}$ ,
$\{p_{k}\}k\geq-1,$ $\{q_{k}\}_{k\geq-1}$ (1), (2), (3) . , $\epsilon=\min(\sqrt{D}-$
$a_{0},1/(2\sqrt{2}),$ $(1+a0-\sqrt{D})/\sqrt{2})$ .
($x$ , $x^{2}-Dy^{2}=N$ . $y$




, $\{c_{k}\}\#\mathrm{h}^{\backslash }\prime \mathrm{x}\xi^{\backslash }\backslash \ovalbox{\tt\small REJECT}^{f_{\mathrm{c}}9^{-}}(’\not\in_{)}C)\mathrm{a}\text{ }\xi)$:
1. $c_{n+1}\neq 0,$ $c_{n+m}\neq 0$ ;
2. $0\leq c_{n+k}\leq a_{n+k}(n+k\neq 1),$ $0\leq c_{1}<a_{1}$ ;
3. $c_{n+k}=a_{n+k}f_{\mathrm{e}}\zeta \text{ }\mathrm{t}\mathrm{h}^{\backslash }c_{n+k^{-1}}=0$.
, $N>0$ $n$ , $N<0$ $n$ .






, $y$ $\sqrt{D}$ Ostrowski $q$
$P$ $x$ . , $y$
. [4, Theorem 2], [5,
Theorem IV 23] .
2. $(5417, 929)$ $x^{2}-34y^{2}=495$ . 929 $\sqrt{34}$
Ostrowski $929=3q_{3}+q_{5}+2q_{7}$ . – , 3$p_{3}+p_{5}+2p_{7}=5417$
3. $(79, 13)$ $x^{2}-34y^{2}=495$ . 13 $\sqrt{34}$
Ostrowski $13=q_{1}+2q_{3}$ . , $p_{1}+2p_{3}=76\neq 79$ .
4.
$\sqrt{D}$ , 2 2
.
2. $D$ , $N$ $0$ . $\alpha=$
$\sqrt{D}$ , $\{a_{k}\}_{k\geq 0},$ $\{p_{k}\}_{k\geq-1},$ $\{q_{k}\}_{k\geq 1}-$ (1), (2), (3)
. , $l$ $\sqrt{D}$ .
$\{c_{k}\}$ , :
1. $(x, y)$ $x^{2}-Dy^{2}=N$ :
$x=C_{n+1}.p.n+Cn+2pn+1+\cdots+cn+mp_{n}+m^{-}1$ ,
$y=c_{n+1}qn+c_{n}+2qn+1+\cdots+cn+mq_{n}+m^{-}1$ .













$3p_{7}+p_{9}+2p_{11}=$ 379111, $3q_{7}+q_{9}+2q_{11}=$ 65017.
, $(379111, 65017)$ $x^{2}-34y^{2}=495$
.
4 ,
$3p_{-1}+p_{1}+2p_{3}=79$ , $3q_{-1}+q_{1}+2q_{3}=13$ .
, $(79, 13)$ $x^{2}-34y^{2}=495$
1 , $\{p_{k}\}_{k<-1},$ $\{q_{k}\}_{k<-1}$ (5)
. , :
3. $\{p_{k}\}_{k\in \mathbb{Z}},$ $\{q_{k}\}_{k\in \mathbb{Z}}$ (2), (3), (5) . , 2
$n$ .
5. $\sqrt{34}$ , $\{p_{k}, q_{k}\}_{k-}=3,-5k^{\backslash },,\mathcal{R}\text{ ^{}\wedge}j\mathrm{E}\text{ }\mathrm{g}^{-}\text{ }$ :
$.=$ $=$ ,$.==$.
,
$3p_{-}\mathrm{s}+p_{-3}+2p_{-1}=113$ , $3q_{-5}+q_{-3}+2q_{-1}=-19$ .
, $(113, -19)$ $x^{2}-34y^{2}=495$
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, $\{a_{k}\}_{k\leq 1}-$ :
(6) $a_{k}=a_{k+j}\iota$ $(j\gg 0)$ .
, :
2. (1), (2), (3), (5), (6) $\{a_{k}\}_{k\in \mathbb{Z}},$ $\{p_{k}\}_{k\in \mathbb{Z}},$ $\{q_{k}\}_{k\in \mathbb{Z}}$
, :
$p_{k}=a_{k}p_{k-1}+pk-2$ , $q_{k}=a_{k}qk-1+qk-2$ $(k\neq 0)$ ,
$p\mathrm{o}=2a_{0}p_{-}1+p_{-}2$ , $q_{0=}2a_{0q+}-1q_{-2}$ .
.
6. $\sqrt{34}$ $\{a_{k}\},$ $\{p_{k}\},$ $\{q_{k}\}$ .
5. OSTROWSKI
, $\{p_{k}\}_{k\in \mathbb{Z}},$ $\{q_{k}\}_{k\in \mathbb{Z}}$ , 1
$\lceil_{y}$
, $\{a_{k}\}_{k\in \mathbb{Z}},$ $\{p_{k}\}_{k\in \mathbb{Z}},$ $\{q_{k}\}_{k\in \mathbb{Z}}$ (1), (2), (3), (6),
1( 2) , .
4. $(x, y)$ $x^{2}-Dy^{2}=N$ . , $N>0$
$x>0,$ $N<0$ $y>0$ . , $(-x, -y)$
(X, $y$ ) .




1 . $c_{n+1}\neq 0,$ $C_{n+}m\neq 0$ ;
160
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2. $0\leq c_{n+k}\leq a_{n+k}(n+k\neq 0),$ $0\leq c_{0}\leq 2a_{0}$ ;
3. $n+k\neq 0$ $c_{n+k}=a_{n+k}$ $c_{n+k-1}=0$ .
, $c_{0=}2a_{0}$ $c_{-1}=0$ .
, $m$ (4)
, 4 , $y>0$ , 1
Ostrowski . , $x$ $y$
– , – Ostrowski




PARI-GP [1] . ,
.
6. -
$Ax^{2}+Bxy+Cy^{2}=N$ . , $A,$ $B,$ $C$ ,
$N$ , $A>0,$ $\mathrm{g}\mathrm{c}\mathrm{d}(A, B, C)=1,$ $N\neq 0$ , $D$ $:=$
$B^{2}-4AC$ . $\alpha=(-B+\sqrt{D})/(2A)$
. $\alpha$ $Ax^{2}+Bx+C$ .
$\{a_{k}\}_{k\geq 0}$ (1) , $\alpha$
$\alpha--[a_{0}, a_{1}, \ldots, a_{S-1}, \overline{a_{s},as+1,\ldots,a_{s}+\iota-1}]$
. , $\{a_{k}\}$ :
(7) $a_{k+\iota=}a_{k}$ $(k\geq s)$ .
, $l$ , H $l>0,$ $s\geq 0$ , (7)
. , $l$ $\alpha$ , $s$
.







, 1, 3 4
:
3. $k\in \mathbb{Z}$ , :
$=\{(-1)^{s}-1\}$
5. :
1. $(x, y)$ $Ax^{2}+Bxy+Cy^{2}=N$ :
$x=c_{n}+1p_{nn++m-}’+C_{n+2}p1+’\cdots+cn+mp’n1$ ’
$y=c_{n+1}q’n+2q_{n++m-}+c_{n}\prime 1^{+}\ldots+cn+mq’n1$ .
2. $(x, y)$ $Ax^{2}+Bxy+Cy^{2}=(-1)^{l}N$ :
$x=c_{n+1}pn+l+C_{n+2}p’n+1+\iota+\cdots+cn+mp_{n+m-}\prime\prime 1+\iota$ ’
$y=c_{n+1}qn+l+cn+\prime q2n+1+\iota+\cdots+cn+mq\prime\prime n+m-1+\iota$ .
6. $(x, y)$ $Ax^{2}+Bxy+Cy^{2}=N$ ( $A>0$)
. , $(x-\alpha y)N>0$ . , $(-x, -y)$
$(x, y)$ . , $x,$ $y$ – :
$x=c_{n+1}p_{n}+cn+2\prime p’n+1+\cdots+cn+mp’n+m-1$ ’
$y=c_{n+1}q_{n}’+C_{n+}2qn+1+\cdots+C_{n+}m;\prime nq+m-1$ .
$f.’ 7_{-}^{\backslash }\grave’$ , $\{c_{k}\}l\mathrm{h}\backslash \nearrow \mathrm{x}\xi_{(}\grave{\backslash }\mathrm{f}\mathrm{f}\mathrm{i}f_{\mathrm{c}}’ 9- 8_{)}$ $k2^{-\mathrm{g})}$ :
1. $c_{n+1}\neq 0,$ $cn+m\neq 0$ ;
2. $0\leq C_{n+k}\leq a_{n};’+k$
162
2 2 OSTROWSKI
3. $c_{n+k}=a_{n+k}$’ $c_{n+k-1}=0$ .
, $m$ $A,$ $B,$ $C$ $N$
([3] ).
6 – Ostrowski –









, $(1, -1)$ $11x^{2}-24xy+10y^{2}=45$
. Ostrowski .
$=$
, $(167, 103)$ . 103 $\alpha$




$1=p_{-1^{+}1}’p’$ , $-1=q_{-1^{+}}\prime q_{1}’$
.
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